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Detection of gravitational waves(GW) opened new windows on fundamental physics and it would
be natural to search how the role of higher dimensional effects can be traced to gravitational wave
physics. In this article, we consider a five dimensional pure gravity theory compactified on a circle.
The resulting four dimensional theory is a scalar-Maxwell theory which is minimally coupled with
gravity. Varying the action and finding the equations of motion for scalar, electric and magnetic
fields, we find the wave solutions for these fields on a gravitational wave background.
Having these solutions at hand, we study the recombination of higher dimensional-affected elec-
tromagnetic waves in a typical Michelson interferometer. In particular, we consider an oscillating
fifth dimension and obtain, up to first order, the shift of the phase difference of electromagnetic
waves due to presence of this scalar field.
I. INTRODUCTION
One century after the presentation of the theory of General Relativity(GR) by Einstein, one of the most important
predictions of this theory was confirmed through direct detection of gravitational waves(GW) by Laser Interferometer
Gravitational-wave Observatory(LIGO) experiment [1]. The observed signal in this observatory shows that the GW
comes from the quasi-circular inspiral, merger and ringdown of binary black holes. The signal-to-noise ratio was 24 for
this GW150914 with statistical σ > 5. In fact LIGO with strain sensitivity of order 10−21 showed source’s proximity
to Earth (420+150−180Mpc) and the mass of the binary (m1,m2) = (36
+5
−4, 29
+4
−4)M [2–4]. Soon after the first LIGO test,
it’s results were confirmed by detection of GW151226 event[2].
Focusing on part of the sky from where the LIGO received gravitational waves, another fascinating observation was
made by the Fermi Gamma-ray Space Telescope in which the existence of a weak gamma-ray burst above 50KeV just
0.4s after GW150914 was reported and its position overlapped with that of LIGO’s observation [5].
After that, LIGO/VIRGO consortium announced the merger of two neutron stars, GW170817, in the Galaxy
NNGC4993 about 40Mpc from the Milky way [6]1. Here again an electromagnetic counterpart(The gamma-ray burst
GRB170817A) was detected by Fermi gamma-ray telescope [10] and other telescopes [11] with the observation that
the speed of two waves(gravitational and electromagnetic waves(EW)) can differs
c2g−c2
c2 ≤ 6× 10−15 where cg is the
speed of GW and c is the speed of light.
Detection of gravitational waves opens new windows on fundamental physics. It is believed that radiated waves from
various sources give us rich information about astrophysical objects, early universe, CMB, ... and specifically quantum
gravity ([12] and references therein). See also [13] for a review. Several studies with different approaches have been
done in order to investigate the presence of electromagnetic radiation associated with GW, see for example [14–16].
In this line, some efforts have been done to investigate the physical effects of gravity-electromagnetic interactions. In
fact, Maxwell equations in the presence of non-zero off-diagonal components of gravitational wave metric may cause
some new interesting electromagnetic phenomena. For example, gravito-magnetic effect on gyroscopes due to Earth’s
rotation has been measured [17]. For more studies in gravito-magnetic theories see for example [18].
1 ganjali@theory.ipm.ac.ir
2 std sedaghatmanesh@khu.ac.ir
1 After the events GW150914 [1] and GW151226 [2], the LIGO/VIRGO announced other GW detections, GW170104 [7], GW170814 [8],
GW170817 [6] and GW170608 [9]
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2The question that naturally arises is that whether the higher dimensional effects can be seen on gravitational waves?
Many attempts were made to answer this question by taking into account various theories in higher dimensions [19].
In most of these theories, in reduction to four dimension, even if we start with a pure geometric theory, in addition to
four dimensional the metric field, we will have gauge field and this is a good news because, the higher dimension can
be considered as the source of the electromagnetic counterpart of GW waves. We may also have additional massless
or massive scalar, vector or tensor fields in this theory. The resultant theory would be an effective interacting
theory between gravity, electromagnetism and some additional field which is present due to dimensional reduction.
Therefore, studying theories about the interaction between gravity, U(1) gauge field and some other fields due to
higher dimensions may give us signatures of higher dimensions.
Given the above facts and noting that the LIGO experiment works based on the interference of two light waves
that pass two different optical paths due to gravitational effect (gravitational path-difference), we would like to study
a four dimensional minimal interacting scalar-Maxwell theory on the background of a gravitational wave in order to
demonstrate explicitly the effects of these scalar-gauge and gravity-gauge interactions on the phase differences of two
light waves in LIGO-like experiment2. We will obtain corrections to the phase of light waves in terms of the the scalar
and GW wave parameters and will discuss their possible effects on the light interferences.
At the end of this section it is forthmentioning that our starting point is five dimensional pure gravity. Compactifying
one extra dimension would give us a four dimensional scalar-Maxwell theory which minimally coupled to gravity.
However, it would also be interesting to consider the generation of gravitational waves in five dimensional world from
merger of two neutron star or black holes and so on and that study its effects on interference of two electromagnetic
waves by using laser interferometer.
This paper is organized as follows: After a quick review of compactification of a pure gravity theory from five
dimension to four dimension in section II, we will derive the equations of motion in section IIA and try to solve them
to get some simple solutions and also wave solutions in sections IIB and IIC respectively. In section III, we will apply
the solutions for a LIGO-like experiment to study the direct effects of scalar and GW waves on EM waves and discuss
possible experimental signals of higher dimensions. In section IV, we will end up the paper with concluding remarks.
II. FROM FIVE TO FOUR
In this section, first, we quickly review the reduction of a five dimensional pure gravity theory to four dimensions.
Such reduction can be done by compactifying one extra dimension. Due to this compactification one gets a massless
tensor, vector and scalar modes and the corresponding Lagrangian would be an interacting Lagrangian between these
modes. Varying the action with respect to the various fields would give us corresponding equations of motion.
At the end of this section, we will solve the equations of motion for scalar and gauge fields on the background of a
gravitational wave at linear level. We will do this procedure without considering the back-reaction of the presence of
scalar and gauge fields on gravitational wave dynamics.
A. Scalar-Maxwell-Gravity Interaction from Extra Dimension
Here, we will consider the simplest version of a five dimensional pure gravity theory which, in fact, has been
originally proposed by Kaluza [20]. Compactifying one extra dimension on a circle would give us an effective theory
in four dimensions which includes scalar, vector and tensor fields. In particular, the story begins by writing the five
dimensional metric as [22]
gµˆνˆ =
(
gµν − ϕAµAν −ϕAµ
−σAν −ϕ
)
(2.1)
where hat indicates the five dimensional variables, xµˆ = (xµ, y), µ = 0, 1, 2, 3. Then, considering independence of
fields from the fifth coordinate y, one can see that by an infinitesimal coordinate transformation as xµ → xµ+ξµˆ(xµ)
the above fields would change as
δϕ = ξρ∂ρϕ,
δAµ = Aρ(∂µξ
ρ) + ξρ(∂ρAµ) + ∂µξ
5,
2 See [15, 21] for works with similar ideas.
3δgµν = gµρ(∂νξ
ρ) + gρν(∂µξ
ρ) + ξρ(∂ρgµν), (2.2)
which these transformations are the same transformation rules that one expects for scalar, vector and rank-2 tensor
fields in four dimension. After that, writing the five dimensional action as
S(5) = −
∫
d5x
√
−gˆRˆ
and compactifying the fifth dimension y on a circle with radius R0 in which y ∼ y + 2piR0 and redefining the scalar
field ϕ and field strength Fµν = ∂µAν − ∂νAµ as ϕ′ =
√
3ϕ, F 2 = ϕ−1F ′2, one obtains the following action in a
familiar form
S =
∫
d4x
√−g
{
−R+ 1
2
∂µϕ∂
µϕ− 1
4
e−
√
3ϕFµνF
µν
}
, (2.3)
where the prime was omitted in the final expression of S and g = det(gµν).
It is notable that the effect of fifth dimension is encoded on the dynamics of scalar field ϕ. In particular, we know
that the radius of the fifth dimension R0 is related to ϕ as
R0 ∝ (−ϕ) 12 (2.4)
Our aim in this paper is to study this theory by deriving the equations of motion of various fields and try to solve
them on the background of a gravitational wave and then demonstrate the effects of scalar and metric fields on the
phase difference of two traveling lights in LIGO-like experiment. We will do our analysis at linear level of the field
perturbations.
B. Equations of Motion
The equations of motion for dynamical fields ϕ,Aµ and gµν derived from the action (2.3) read as
1√−g ∂ν(
√−ge−
√
3ϕFµν) = 0, (2.5)
1√−g ∂µ(
√−g∂µϕ)−
√
3
4
e−
√
3ϕFµνF
µν = 0,
Rµν − 1
2
gµνR− 1
2
gµν
[
1
2
∂αϕ∂
αϕ− 1
2
e−
√
3ϕFαβF
αβ
]
= 0.
The first equation together with the Bianchi identity for Fµν as
∂[ρFµν] = 0, (2.6)
are actually the generalized Maxwell equations in four dimensional curved space-time which now is accompanied by
ϕ. It would be interesting to note that the first equation (2.5) can be rewritten as
1√−g ∂ν(
√−gFµν) = Jµ, (2.7)
where
Jµ =
√
3∂νϕF
µν , (2.8)
is the induced current due to presence of the interaction between the scalar field ϕ and the electromagnetic field.
Therefore, in this theory, dynamical scalar field would imply induced charge and current density.
Introducing the following definitions
F0k ≡ Ek
c
, Fjk ≡ −ijkBi, (2.9)
4then we can rewrite the equations (2.5) for µ = 0 and µ = i and get the generalized Gauss and Maxwell-Ampere laws
as
∂kEj(g
0kgj0 − gjkg00)− ∂µBkcgmµgn0εkmn + Ejγj −Bkcεkmnσmn0
−
√
3
[
(g0µg0j − gjµg00)Ej
c
− gmµgn0εkmnBk
]
∂µϕ = 0, (2.10)
1
c
∂µEj(g
0µgji − gjµg0i)− εkmn∂µBkgmµgni + Ejξij −Bkεkmnσmni
−
√
3
[
(g0µgji − gjµg0i)Ej
c
− gmµgniεkmnBk
]
∂µϕ = 0, (2.11)
where γj , σmnβ , ξji are defined as follows [21]
γj ≡ [∂k(g0kgj0 − gjkg00) + 1√−g ∂k(√−g)(g0kgj0 − gjkg00)] (2.12)
ξij ≡ 1
c
[
∂µ(g
0µgji − gjµg0i) + 1√−g ∂µ(
√−g)(g0µgji − gjµg0i)] (2.13)
σmnβ ≡ [∂µ(gmµgnβ) + 1√−g ∂µ(√−g)(gmµgnβ)] (2.14)
We also have Faraday and magnetic Gauss laws as
∂xB
x + ∂yB
y + ∂zB
z = 0,
∂tB
x + ∂yEz − ∂zEy = 0,
∂tB
y + ∂zEx − ∂xEz = 0,
∂tB
z + ∂xEy − ∂yEx = 0. (2.15)
One can see that the presence of off-diagonal components of the metric in Ampere and Gauss laws would present new
effects in electromagnetic phenomena.
Indeed, it would be interesting to note that the factor (g0µg0j − gjµg00) in the second line of (2.10) is zero for µ = 0
thus, the Gauss and Ampere equations (2.10) and (2.11) can be rewritten as
∂kEˆj(g
0kgj0 − gjkg00)− ∂µBˆkcgmµgn0εkmn + Eˆjγj − Bˆkcεkmnσmn0 = 0,
1
c
∂µEˆj(g
0µgji − gjµg0i) −εkmn∂µBˆkgmµgni + Eˆjξij − Bˆkεkmnσmni = 0,
where in the presence of the field ϕ it was defined
Eˆj ≡ e−
√
3ϕEj , Bˆ
j ≡ e−
√
3ϕBj (2.16)
Now, our aim is to study the above generalized scalar-Maxwell equations on a gravitational wave background. So, let
us consider the background metric as a gravitational wave propagating in the z direction
ds2 =c2dt2 − dz2 − (1− f+(z − ct)) dx2 − (1 + f+(z − ct)) dy2 + 2f×(z − ct)dxdy, (2.17)
which is the solution of the Einstein equations when expanded around the flat-space metric, gµν = ηµν + hµν , up to
linear order in hµν (|hµν |  1) [23]. In fact, in equation (2.6), we have ignored the effects of electromagnetic waves
on gravitational ones. In other words, we are studying electromagnetic waves on a gravitational wave background in
presence of higher dimensions as it shows itself by the scalar field ϕ.
Consequently, in the following, we will apply this GW metric (2.17) to equations (2.10),(2.11), (2.6), in order to
find ϕ, ~E and ~B and since we are in linearized regime, we will keep terms to linear order in hµν and also ϕ. Moreover,
since ϕ is the representative of the fifth dimension and due to symmetry considerations, we may naturally expect
that it does not depend on spatial components of space-time but if we take a gravitational wave propagating in the z
direction, the rotational symmetry of space-time is broken in the z direction and consequently, we take ϕ as a function
of (t, z).
5Considering f× = 0 for simplicity, and applying the metric (2.17) to the equations (2.10, 2.11) and taking in to
account ϕ = ϕ(t, z) then, we get3
gxx∂xEˆx + g
yy∂yEˆy − ∂zEˆz − Eˆzγz = 0,
gxx∂tEˆx + ξ
xxEˆx + g
xxgyy∂yBˆ
z + gxx∂zBˆ
y − Bˆyσzxx = 0,
gyy∂tEˆy + ξ
yyEˆy − gyygxx∂xBˆz − gyy∂zBˆx + Bˆxσzyy = 0,
gzz∂tEˆz + ξ
zzEˆz − gxx∂xBˆy + gyy∂yBˆx = 0, (2.18)
Moreover, following [21], since the metric does not depend on x and y coordinates then, the equations (2.10) and
(2.11) in the presence of the external source field jµ = (ρ, ~J0), can be rewritten in the familiar form
∂kE˜
k =
%
ε0
(2.19)
ijk∂jB
iijjk
= µ0(j
i
0 + j
i
D). (2.20)
where we have defined
E˜j ≡ −gjjg00√−ge−
√
3ϕEj (2.21)
B
iijjk ≡ giigjj√−ge−
√
3ϕBk (2.22)
and
% ≡ √−gρ (2.23)
ji ≡ √−gJ i0 (2.24)
jiD ≡ −ε0∂t(
√−gg00giie−
√
3ϕEi) (2.25)
In all of the above expressions no summation convention is assumed for index i. In above, jiD is the usual ”Displacement
Current”. Note that despite of the usual flat space Electromagnetism, the displacement current is non-zero for constant
electric field on the time dependent background gµν . In addition to these two equations, we also have Faraday and
magnetic Gauss equations (2.15) and the equation of motion for ϕ, (2.6) which reads as
∂2t ϕ− ∂2zϕ+
∂t(
√−g)√−g (∂tϕ+ ∂zϕ)−
√
3
4
e−
√
3ϕ(E2 + gB2) = 0.
where B2 = gxx(B
x)2 + gyy(B
y)2 + gzz(B
z)2 and E2 = gxx(Ex)
2 + gyy(Ey)
2 + gzz(Ez)
2. In the next subsections,
first, we will present some simple solutions of the above generalized Maxwell equations in the presence of scalar field.
After that, we will continue our analysis to solve them on GW background (2.17) to find a wave solution.
C. Some Simple Solutions
In this section, we present some simple solutions of the generalized interacting scalar-Maxwell equations on the
gravitational wave background (2.17).
1. Electic Field in the z-Direction
First, let us consider an electric field in the z-direction and take ~B = 0. Then, in accordance with [21], we obtain
~E = (0, 0,
E0z√−g e
√
3ϕ), (2.26)
3 Hereafter, up to section III, we will set c=1
6as a simple solution of equations (2.18) and also the first and the last equations of (2.15). Here, due to the first and
the last equation of (2.18), ~E0 can be a general function of x and y, but, considering the full Maxwell equations imply
that ~E0 should be a constant.
Thus, it remains to find ϕ, i.e. solution of (2.30), by considering (2.26). Since we took the metric to be gµν =
gµν(z − t) then, one easily realizes that the equation (2.30) does not have an analytical solution in the form of
ϕ = ϕ(z − t) or ϕ = ϕ(z + t). In fact, the last term of (2.30) would prevent such wave solution for ϕ. A possible
solution to this problem is to take non-zero magnetic field ~B. Physically, the necessity of the presence of magnetic
field comes from the fact that the dynamical scalar field ϕ and non-zero electric field in z direction imply an induced
current
Jµ =
√
3(∂tϕF
µt + ∂zϕF
µz)
=
√
3(−∂zϕEz,−gxx∂zϕBy, gyy∂zϕBx, ∂tϕEz).
Therefore, one expect that the induced current leads to existence of non-zero magnetic field. Consequently, we will
take E = (0, 0, Ez), B = (0, 0, B
z). Then, one can show that (2.18) can be solved as
Ez =
Ez0√−g e
√
3ϕ, Bz = Bz0 , (2.27)
Moreover, from the first and last equations of (2.15) we have ∂zB
z
0 = ∂tB
z
0 = 0 and so B
z
0 is a constant. Finally, the
equation (2.30) can be solved for ϕ(z − t) as
e
√
3ϕ = −gB
z
0
Ez0
. (2.28)
This would result in Ez(z, t) =
√−gBz0 .
2. Electric Field in the x, y Directions
In this case, we would like to take the components of the electromagnetic field to be independent of x, y i.e.
~E = ~E(z − t), ~B = ~B(z − t). Interestingly, with these assumptions, the dynamics of Ez and Bz would decouple from
the other components of electromagnetic field. In particular, we obtain the following exact solution for full Maxwell
and scalar equations of motion
ϕ(z, t) = ϕ(z − t),
Bz(z, t) = B
z
0 ,
Ez(z, t) =
Ez0√−g e
√
3ϕ,
Ex(z, t) = By(z, t) = U(z − t),
Ey(z, t) = −Bx(z, t) = V (z − t), (2.29)
where U and V are general functions of z−t. As it is clear, the x and y components of electric and magnetic field (and
also the scalar field) have wave propagation but the z component of these fields behave differently. It is notable that
this solution achieved by considering the independence of the fields on x and y coordinates. Moreover, this solution
demonstrates an in-going wave. In the next section, however, we will try to find a more general electromagnetic wave
solution in which the above points would be considered.
D. Electromagnetic Wave Solution
In this section, we would like to find the electromagnetic wave solutions in which is more general wave solution of
previous section i.e. it contains non-zero kx and ky modes. The general form of electromagnetic wave equations in
curved space-time is as follow
Fab = −2RacbdF cd +RaeF eb −RbeF ea + Ja;b − Jb;a, (2.30)
7where Ja;b is the covariant derivative of current density with respect to b. Here, according to new Maxwell equation
(2.5), we have Jµ =
√
3∂νϕF
µν , then writing these equations using GW background metric (2.17) with f× = 0, for
electric and magnetic field components separately, we get the wave equations as
∂2tB
z − ∂2zBz + gxx∂2xBz + gyy∂2yBz = 0, (2.31)
∂2tEz − ∂2zEz + gxx∂2xEz + gyy∂2yEz −
√
3∂tϕ(∂tEz + ∂zEz) = 0,
∂2tEx − ∂2zEx + gxx∂2xEx + gyy∂2yEx + ∂tf+(∂zEx + ∂tEx) + ∂tf+(∂yBz − ∂xEz)−
√
3∂tϕ∂xEz = 0,
∂2tEy − ∂2zEy + gxx∂2xEy + gyy∂2yEy − ∂tf+(∂zEy + ∂tEy) + ∂tf+(∂xBz + ∂yEz)−
√
3∂tϕ∂yEz = 0.
The wave equation for Bx is the same as Ey and the wave equation for B
y is the same as −Ex which leads to
Bx = −Ey and By = Ex.
As it is clear from equations (2.31), the equation for Bz is completely decoupled from the other components and
the equation of Ez is only coupled with ϕ equation. However, other components have coupled equations with B
z and
Ez. Consequently, having a solution for B
z and Ez is necessary in order to find solutions for other components.
After all, it is remained to put the solution of ϕ equation in above equations and solve them. As we saw above, ϕ
can have a wave solution in the form of an arbitrary function of z − t provided that E2 = −gB2. Therefore, we take
ϕ(z − t) = d cos(z − t) and also f+ = a cos(z − t) as it is the typical gravitational wave in so-called TT gauge. We
note also that up to linear order we have gxx = 1gxx ' −(1 + f+(z − t)) and gyy = 1gyy ' −(1− f+(z − t)).
Putting these in above equations and using the ansatz
Bi(x, y, z, t) = Bi(z, t)eikx+iky , (2.32)
Ei(x, y, z, t) = Ei(z, t)eikx+iky , (2.33)
where kx and ky are some arbitrary real constants, the equations (2.31) for E
i(z, t) and Bi(z, t) would become
∂2tB
z − ∂2zBz + [b0 + b(z − t)]Bz = 0, (2.34)
∂2tEz − ∂2zEz + [b0 + b(z − t)]Ez
√
3d sin(z − t)(∂tEz + ∂zEz) = 0,
∂2tEx − ∂2zEx + [b0 + b(z − t)]Ex + a sin(z − t)(∂tEx + ∂zEx)− i sin(z − t)(−akyBz + (
√
3d+ a)kxEz) = 0,
∂2tEy − ∂2zEy + [b0 + b(z − t)]Ey − a sin(z − t)(∂tEy + ∂zEy)− i sin(z − t)(−akxBz + (
√
3d− a)kyEz) = 0.
where we have defined
b0 = k
2
x + k
2
y, (2.35)
b(z − t) = (k2x − k2y)a cos(z − t). (2.36)
In order to solve these equations analytically, we note that the above equations typically can be written as following
∂2t F (t, z) − ∂2zF (t, z) + a(z − t) (∂tF (t, z) + ∂zF (t, z)) + (b0 + b(z − t))F (t, z) + c(z, t) = 0, (2.37)
where b0 is constant and a, b and c are arbitrary functions
4 of their arguman. Then, it is easy to see that (2.37) can
be solved using
F (t, z) = F0e
−i(ωt−kzz+g(z−t)) − c(z, t)
b0 + b(z − t) , (2.38)
provided that
−2(kz − ω)dg(u)
du
+ i(kz − ω)a(u) + b(u) +
(−ω2 + k2z + b0) = 0, (2.39)
4 Here, a is a function in differential equation (2.37) and we should not confuse it with the constant in front of f+ = a cos(z − t)
8where we have defined u = z − t and F0 is a constant. This equation is a simple first order differential equation for
g(u) and can be integrated exactly.
After that, we note that since the equations of Bz and Ez are decoupled from the other field equations, we first
obtain the solution for Bz and Ez straightforwardly and then, insert these solutions into Ex and Ey equations and
solve them. Before going on, we point out that one may solve the equation (2.39) by imposing the usual dispersion
relation
ω2 = k2z + b0 = k
2
x + k
2
y + k
2
z ,
By the above considerations, the final solutions of (2.31) are as follows
Bz = Bz0e
−i
(
ωt−k.r+ k
2
x−k2y
2(ω−kz)a sin(z−t)
)
, (2.40)
Ez = E0ze
−i
(
ωt−k.r+ k
2
x−k2y
2(ω−kz)a sin(z−t)
)
+
√
3
2 d cos(z−t)
, (2.41)
Ex = E0xe
−i
(
ωt−k.r+ k
2
x−k2y
2(ω−kz)a sin(z−t)
) [
e
−a
2 cos(z−t) + i sin(z − t)−akyB
z
0 + (
√
3d+ a)kxE0ze
√
3
2 d cos(z−t)
E0x
(
(k2x + k
2
y) + (k
2
x − k2y)a cos(z − t)
) ] ,(2.42)
Ey = E0ye
−i
(
ωt−k.r+ k
2
x−k2y
2(ω−kz)a sin(z−t)
) [
e
a
2 cos(z−t) + i sin(z − t)−akxB
z
0 + (
√
3d− a)kyE0ze
√
3
2 d cos(z−t)
E0y
(
(k2x + k
2
y) + (k
2
x − k2y)a cos(z − t)
) ] . (2.43)
As we expected, the phase of Bz is changed by the gravitational wave but is not affected by higher dimension i.e. the
field ϕ. Instead, ϕ has modified the amplitude of Ez and gravitational wave has changed the phase again. However,
other components are affected by both the gravitational wave and higher dimmension both in phase and amplitude.
For later use, it would be useful to rewrite the above solutions as
Ei = E0iRie
−i(ωt−k.r+θ0+θi), i = x, y, z, (2.44)
where
θ0 =
k2x − k2y
2(ω − kz)a sin(z − t), (2.45)
and
Rze
−iθz = e
√
3
2 d cos(z−t), (2.46)
Rxe
−iθx = e−
a
2 cos(z−t) + i sin(z − t)−akxB
z
0 + (
√
3d+ a)kyE0ze
√
3
2 d cos(z−t)
E0x
(
(k2x + k
2
y) + (k
2
x − k2y)a cos(z − t)
)
Rye
−iθy = e+
a
2 cos(z−t) + i sin(z − t)−akxB
z
0 + (
√
3d− a)kyE0ze
√
3
2 d cos(z−t)
E0y
(
(k2x + k
2
y) + (k
2
x − k2y)a cos(z − t)
) .
At the end of this section, it would be interesting to note that the above differential equations can have solutions
with out-going wave. We presented some comments about such solutions in Appendix VI.
III. EXPERIMENTAL OBSERVATION
The first direct observation of gravitational waves, GW150914, was made on 14 September 2015 by LIGO and
Virgo collaborations. This observation is based on an interferometer. Here we take a Michelson interferometer for
simplicity, figure (III) in which a monochromatic laser light is sent to a beam-splitter. Due to gravitational waves the
travel time of the beams in the two arms will be different, which leads to different phase and power measured by the
photo-detector.
9FIG. 1: A simple Michelson-type interferometer
In the previous section, we reached at the electromagnetic fields affected by gravitational waves and extra dimension.
In this section, our aim is to see this extra dimensional effect in LIGO-like experiment. We expect to see this effect in
the photo-detector which shows the total power of light that itself depends squarely on the combined electromagnetic
fields, what we will calculate it now. We will consider expressions (2.41), (2.42), (2.43) as the electric field of the
light, that propagates along the two arms.
First, we compute the travel time in x and y arms by considering the null path, ds2 = 0, for our GW metric.
But, before proceed, note that, in this section, we will return c to the equations and we will distinguish between
GW frequency ωgw, laser beam frequency ωL and the ϕ oscillation frequency ωϕ so that at the place z = 0 we have
f+(t) = a cos (ωgwt) and ϕ(t) = d cos (ωϕt). Thus, solutions obtained in the previous section would be rewritten by
using dimensional analysis. For example, one has θ0 =
k2x−k2y
2(ωL−kz)ωgw a sin(z − t).
Moreover, hereafter, without loose of generality, we consider kx = ky = kz =
1√
3
kL and E0i =
√
cBi0 for i = x, y
and Bz0 = 0.
We will also take Lx ,Ly, the lengths of x and y arms respectively, as close as possible (which is done in real
interferometers), so that we can replace Lx and Ly by L = (Lx +Ly)/2 in first order terms of metric field(parameter
a) but we keep them in zero order ones by writing 2Lx = 2L+ ∆L and 2Ly = 2L−∆L where ∆L = Lx − Ly.
Setting the origin of the coordinate system at the beam-splitter i.e. r = 0, up to leading order we get [23]
t
(x)
0 = t−
2Lx
c
− Lx
c
f(t− Lx
c
)sinc(ωgw
Lx
c
), (3.1)
t
(y)
0 = t−
2Ly
c
+
Ly
c
f(t− Ly
c
)sinc(ωgw
Ly
c
), (3.2)
where t is the observation time at which we observe the recombined beam from x and y arms that have left the
beam-splitter at t
(x)
0 , t
(y)
0 . We also have sinc(x) =
sin x
x and by f(t−
Lx
c
) we mean the amount of f+ at t = t− Lx
c
.
The electric field at the beam-splitter in observation time t is obtained by setting t = t
(x)
0 + ∆t
(x) for x arm and
t = t
(y)
0 + ∆t
(y) for y arm in expressions (2.41-2.43). Here ∆t(x) = t− t(x)0 and ∆t(y) = t− ty0 are given by (3.1) and
(3.2) where these were calculated up to first order of metric parameter f+ ∝ a. Therefore, in this step, we would
rewrite the solutions (2.41-2.43) up to the first order of various fields parameters i.e. a and d. For this aim, using
(3.1) and (3.2), we have the following expansions
sin(t(i)) = sin(t
(i)
0 + ∆t
(i)) (3.3)
' sin(t− 2L(i)
c
) +
2L(i)
c
cos(t− 2L(i)
c
) +O(f+),
cos(t(i)) = cos(t
(i)
0 + ∆t
(i))
' cos(t− 2L(i)
c
)− 2L(i)
c
sin(t− 2L(i)
c
) +O(f+),
where (i) = x, y stand for x and y arms.
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Following the above considerations, one obtains, at the beam-splitter in observation time t, up to leading order
θ0 = 0, (3.4)
R(i)z ' 1 +
√
3
2
d cos(ωϕt
(i)), (3.5)
θ(i)z = 0,
R(i)x ' 1−
1
2
a cos(ωgwt
(i)), (3.6)
tan(θ(i)x ) ' θ(i)x ' −
√
3
2
ωϕd+ ωgwa
ckL
sin(ωϕt
(i)), (3.7)
R(i)y ' 1 +
1
2
a cos(ωgwt
(i)), (3.8)
tan(θ(i)y ) ' θ(i)y ' −
√
3
2
ωϕd− ωgwa
ckL
sin(ωϕt
(i)), (3.9)
where sin(t) and cos(t) are given by (3.3).
At the end of the day, we should sum the electromagnetic waves propagated in x and y arms and recombined in
beam splitter at time t. Before that, we should note that reflections and transmission at the mirrors would give an
overall factor −1/2 for x arm and +1/2 for y arm. The final result would become as
~Etot = −1
2
E0e
−iωL(t− 2Lc ) ×
× [(R(x)x e−i(φ0+∆φ+θ
(x)
x ) −R(y)x e−i(−φ0−∆φ+θ
(y)
x ))
ˆi
+ (R(x)y e
−i(φ0+∆φ+θ(x)y ) −R(y)y e−i(−φ0−∆φ+θ
(y)
y ))ˆj
+ R(x)z e
−i(φ0+∆φ+θ(x)z ) − (R(y)z e−i(−φ0−∆φ+θ
(y)
z ))kˆ],
where
φ0 =
ωL
c
(Lx − Ly),
∆φ(t) = a
ωLL
c
sinc(
ωgwL
c
) cos[ωgw(t− L
c
)],
Note also that similar expression can be written for total magnetic field |Btot|. Consequently, the total power observed
at the photo-detector is obtained as
P ∝
(|Etot|2 + c2|Btot|2) (3.10)
' 2E20
[
2 sin2(ϕ0 + ∆ϕ+ ∆θ) +
(
1 +
√
3
4
d
(
cos(ωϕt
(x)) + cos(ωϕt
(y))
))
sin2(ϕ0 + ∆ϕ)
]
,
where
∆θ =
1
2
(θ(x)x − θ(y)x ) =
1
2
(θ(x)y − θ(y)y )
=
√
3
4
ωϕ
ckL
d
(
sin (ωϕt
(x))− sin (ωϕt(y))
)
'
√
3d
ω3ϕ
ωL
L∆L
c2
sinc
(
ωϕ∆L
c
)
sin
[
ωϕ(t− 2L
c
)
]
+ O(d2), (3.11)
and
cos(ωϕt
(x)) + cos(ωϕt
(y)) ' (3.12)
' 2 cos
(
ωϕ(t− 2L
c
)
)
− 4ωϕL
c
sin
(
ωϕ(t− 2L
c
)
)
.
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In formula (3.10), in calculation of coefficients of sin2 (φ0 + ∆φ+ ∆θ) and sin
2 (φ0 + ∆φ), we neglected terms of order
of a2, d2 and ad.
In order to discuss our result (3.10) some comments should be noted as follows:
• As it is seen in (3.10), the gravitational waves adds a term to the phase due to ∆φ while the extra dimension shows
itself in the phase due to a shift ∆θ and changing the amplitude of P by the term
√
3
4 d(cos(ωϕt
(x))+cos(ωϕt
(y))).
• In formula (3.10), we have three known-controllable parameters ωL, L and ∆L. The parameter ωL is ad-
justable from the experimenter. For parameter L, in typical Michelson interferometer, one maximizes the phase
∆φMich = 2∆φ and that the optimal length of the arms is obtained by imposing
ωgwL
c =
pi
2 which implies that
L ' 750km 100Hzfgw where fgw =
ωgw
2pi . Such hundreds of kms arms are reduced to a few kms using Fabry-Perot
interferometer [23]. But, for ∆L = Lx − Ly, one would like to take Lx and Ly as close as possible but we note
that the phase shift ∆θ is proportional to ∆L. Therefore, a difference between arms may show a signal of extra
dimension!
• In formula (3.10), we have two known-uncontrollable parameters ωgw and a. Due to direct detection of
gravitational waves by LIGO experiment which its source was the merger of black holes [1], we have ωgw = 35Hz
to 250Hz and a = 10−21 (strain peak). Albeit, it is clear that these parameters are different for different
astrophysical phenomenons.
• In formula (3.10), we have two unknown-uncontrollable parameters ωϕ and d. The oscillation frequency of
the fifth dimension, if it oscillates anyway, is quite unknown. But for the parameter d, recall that it is related
to radius of the fifth dimension by (2.4). Up to now, we don’t have any higher dimensional fundamental theory
in which is confirmed by any experiment. However, up to theoretical point of view, different proposed higher
dimensional theories predict different sizes for extra dimensions. It starts from extra dimension at millimeter
[24] up to higher dimension of order of string scale.
Remembering all the above comments in mind, one realizes that the power P would be affected by higher dimension
due to the parameters d,
ωϕL
c ,
ωϕ
ωgw
and the ratio of coefficients of ∆θ and ∆φ which up to some constant is equal to
∆ = da
ω3ϕ
ω2L
∆L
c .
IV. SUMMARY AND CONCLUSION
Due to detection of gravitational wave(GW), a very important question is that whether higher dimensional effects
would appear in gravitational wave physics or not? In this paper, we considered a five dimensional pure gravity
theory compactified on a circle. We studied this four dimensional minimally interacting scalar-Maxwell theory on the
background of a gravitational wave.
First, by varying the action, we found the equations of motion for scalar, electric and magnetic fields on a gravita-
tional wave background and then, we obtained the explicit wave solutions for these fields.
After that, we considered the recombination of electromagnetic waves in a typical Michelson interferometer. In
particular, we supposed an oscillating fifth dimension and obtained, up to first order, the shift of the phase difference
of electromagnetic waves due to presence of scalar field in terms of the the scalar, electromagnetic and GW wave
parameters. In particular, we obtained that the power P would be affected by higher dimension due to the parameters
d,
ωϕL
c ,
ωϕ
ωgw
and the ratio of coefficients of ∆θ and ∆φ which up to some constant is equal to ∆ = da
ω3ϕ
ω2L
∆L
c . This
shift in phase difference may be an observable quantity and its detectability would depend on accuracy of future GW
interferometers.
At the end, we would like to point out that, in this paper, we have studied a toy model in order to demonstrate the
effect of one extra dimension on a LIGO-like experiment. However, it would be very important to consider theories
with more than one extra dimension such as theories coming from string compactification or higher dimensional
theories with higher curvature terms and so on.
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VI. APPENDIX
In this appendix, we would like to emphasize that one can consider a more general solution for (2.37) as
F (t, z) = F0e
−i(ωt∓kzz+g(z−t)+h(z+t)) − c(z, t)
b0 + b(z − t) ,
(6.1)
provided that the following dispersion relation and first order differential equation be satisfied
ω2 = k2z + b0, (6.2)
2(ω ∓ kz)g′ + 2(ω ± kz)h˙ (6.3)
+ 4g′h˙+ 2iah˙+ i(ω ∓ kz)a− b = 0,
where prime and dot denote derivative with respect to u = z − t and v = z + t.
This solution is degenerating which means that we have one equation with two unknown functions g and h. Such
wave shows two in-going and out-going wave in z direction.
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